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[x, y] = {z |x 6 z 6 y}
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p ∈ R̊n+ r
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F+






DT (x) > 0
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x > 0 r x < p o
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DT (y) 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~ywckcn~yqCorwj^]w	¦^/[^]~yq¦nkY Y[^ w^_ni|¦'^]~y«r^][^]EmBg
kcY^6  ~r8kkcYª~9knk or ^ wi'oK[q¡g±orwj^ w^]±~rn¡wi
(x, y)
or 9~ywn~ym[qp^]i]¬
}^]\/~rwc«y~ym[qpgr£rkcY[^]orw^ \ w^ qpnp^]iGoK
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XY[^$sr^][^ w~yq( ¥orw\ oy +kcY^6n¡^>^ ¦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(x1 . . . xn)
w^ [w^]ic^ Kkorª^ Bkcw~9kn¡oKin¡T[wcorkc^ npiorw\/} D [wojjuª^]5 ¥wcoK\
n
n¡Bkc^ w~rkcnp[s/sK^ [^>i ¬
fhnp^°sK^ [^kw~yiwn¡jknpor~yqw^ sKu[q~9kcnpor
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kcYª~9kNnj^>~yqpnJW]^]²£BjniorBkcnpBu[oKuiNil¦n¡kY[^]iN\/~¢gm(^uic^]/npilkc^]~K_kco\/ojj^]q[kcY[^>il^ or\/[qp^/icgjizk^ \
iO V+P­¬ D   orwjn¡srqpgr£
s+(· , θ) : R→ {0, 1}
j^ oykc^6kcY[^$np wc^>~ricn¡[s/ilkc^  ¥u[kcnpor¤£orw^]~¢hnilnj^| ¥u[8kn¡oK7.
{
s+(x, θ) = 0
n 
x < θ,
s+(x, θ) = 1
n 
x > θ,
¦Y[nY±wc^ wc^>il^]Kk~y^¨U^]kor ¤~K8kn¡y~9kcnpor¬ D qico£





κ : Rn+ → R
n
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} D oKwoy ¤wcorkc^ np)	£Bn¡k'w~r[sr^>iGn¡5icor\/^npKkc^]wcy~yqªor ¤[or[½@[^]sK~9knpr^
9~rq¡u^]ij^ [orkc^>
[0,  i]
¬ Y[^ /kcY[niGoK^]Kkw~ykcnporw^]~rY[^>iC~°kY[wc^>ilY[oKqpy~yqpu[^r£KiloK\/^'orkcY[^]wsr^][^np_kcY[^[^ k¦'orw«U£
i~>gEsr^][^/hu[\m(^ w
j















































kcYª~9k°^]~KY ~yjnpior CkcY^izk~9k^ic~r ^$¦npqpq+m(^uil^  ¥u[qpq¡g~ywckcn¡kcnpor^]n¡Bkco±or(^] ic^ sr\/^]Kkim(^kz¦^ ^]TkcY[w^]icY[orq[i]¬fhnp ^





























icn¡[sKq¡^ kcoKi ¬  Y[^ 
dim D = n
£ªor[^uicu~yqpqpg5i~¢ghikY~9k°nk°ni~ H^EJ$^*K	I-$_£Uorw)H^EJ$G	I-%$_ª£U~r5kY[oKic^
joK\/~rn¡T¦nkYTqpo9¦^ wjnp\/^ icnpor ~yw^ ~yqpqp^]4!"_,k_TE 	F-%$_)O ©P­¬  ^uil^$kY[^oyk~ykcnpor
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d : Dr → A
£~yic^ i^]~KYwc^]sru[q~yw[or\
~ynp±ko_kcY[^icu[(^ wic wcnpjkor +n¡ki

























or kcY^orkcY[^]w°Yª~y²£UkcY[^o9¦ ni°npEsK^ [^ w~yq+[ork
u[[ntBu[^ qpg_j^ ³[^>²¬Ca­kNniG~rBgh¦'~¢g(oKiilnpm[qp^kcoj^³ª[^icorqpujkcnporiGn¡~6wnpsrorworuiC¦'~¢gr£rghnp^ qjnp[s$¦Y~ykN¦n¡qpqm(^\/^ Bkcnpor[^>
~ri6kY[^  _yEX$ 	*($-8£~9k$kY[^[wcn^
or orªilnj^ wnp[sic^kc½@y~yqpu[^] icorqpujkn¡oKi]¬±XY[^qp~yklkc^]w, ij^³nkn¡oK w^]ilki$or
`n¡qpnp[(o¢ i°kY[^ oKwcgTor 'jn¡¨(^]wc^]Kknp~rqC^>tBu~9kn¡oKi|¦nkY ~jnpioKKkn¡hu[orui6wcnpsrYBkl½­Y~ySilnj^r£~rEn¡ki| ¥oKwc\u[q~9knporEnpSkcY[^
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}^]sru[q~9korwgjoK\/~rn¡ªi~yw^oy (~rwlknu[q~ywn¡\/(orwck~r^K¬XY[^ g ¥oKwc\kY[^\
~ynp/~ywckor Uilk~9k^ic~K^r£K~ykcY[^jgh~y\/n i




































ni6~y ~9kckcw~rkcnpr^^]tBu[npq¡npm[wn¡u\ (ornpKk6 ¥orw|kY[^ªo¢¦ LV 	¬ ^]^K£¤n 'nk$q¡np^]i6n¡ªilnj^
D
£¤nk$ni6~y ~rkcu~rq^>tBu[n¡qpnpm[wn¡u[\ oy 







¬ o9¦^ r^]wCkcYnpiNicnku~9kn¡oK_niG q¡^>~ywq¡g[oykNsr^ ^ wnpr£r~r_¦^~Kicicu[\/^np_kY[^wc^>izkGoy (kY[niª~y(^ wGn¡kG^ r^ w
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XY^ ¤£[kY[^ orBkcnpBu[oKui o9¦ ]~ym(^$w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£¤orEkcY[^/oykY[^ w6Y~yª²£¤icuY ~5[^³[n¡kcnpor \
~>g ~rq¡¦~>gji°m(^_[wor(^ wqpg





















£7 o  o d(D) = a £[oK[^$ilYª~yqpq²\/oKilkoy µk^ [^ [orkc^6mhg φ(a) £[orw φa £jkcY[^ ¥oj]~yq²(ornpKk~riicojn~9kc^>
ko_kcYnpijoK\
~ynp¤¬





£n¡ ^ r^]w]¬'XY[^(oBicicnpm[n¡qpn¡kg± ¥orw^]~KY  ~K^kkom(^^ oKu[Kk^ w^]mhg±kY[^ o9¦ j^ (^][iu[nptBu[^]q¡g
orkcY[^(oBiln¡kcnporor kcY^5 ¥oj ~rq'(ornpKk .




{x |xi = θ
ai
i }








	8¬ D ]orwjnp[s±ko5kY[ni6ormic^ w9~9kn¡oK¤£U¦^
j^ [orkc^


















D qico£hnk¦npqpqUmª^|[w~rkcn ~rqkco_(ornpKkorujk'kcY[^|qpo9¦^ w~yu[(^ w'kcY[w^]icY[oKqp[im(orujnp[s_~m(o¢U£BkcYª~y[«jiNkokcY^|~ynpwioy 
 ¥u[kcnpori
θ±i : A→ Θi
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τ(x) = mini∈Iout τi(x)











¦n¡kcY[oKujkq¡oBicioy sK^ [^]w~rq¡n¡kzgr¬ ^6kcY^ sr^ k~ H$\#4-$ 
Ta : ∂Da → ∂Da
.
Tax = ϕ (x, τ(x))




¬GXY[^$q~9klk^ w[^ (^ ioK
a
£~Kiil^]^ 5 ¥wcoK\ @ 	8¬
o9¦$£hkcY^6np[nkn~yq¤icgjizk^ \ l3	\
~>gm(^]^ w^]ju ^]ko


































^]Kkcnpw^ qpg orªilnizkioy kcw~yic~yw^ Bk¦'~rq¡qi]¬ D \/orw^
j^ k~ynpqp^]5jniuiilnpor~ym(oKujk'kcY[^|kor(oKq¡oKsrg/oy kY[nijor\
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fhu[ªoBil^ [o9¦ kY~9kkY[^ w^ npi~ ¦'~yqpq
W ⊂ DomT
£6~ye~ ic^]tBu[^]^
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j^ kc^]wc\/np[^]iN~6(^ wn¡oj[np'kcw~9xz^]8korwgor (kcY[^ orKkn¡hu[oruªiCkcnp\/^ilgjilkc^]\ l3	8¬











¬ a kY[niil^>8kn¡oK nk
niicY[o9¦ kcY~ykkcY[^>il^± orjn¡kcnporªi ~r[[oykmª^±i~9knpil³^> mBgEkY[^
kcw~yicn¡kcnpor \




















¬ %^k\/orw^ o9r^ w
x ∈ W





W ′ ⊂ {x |xs = θs}
kY[^|¦'~rq¡q²icuY±kY~9k
Tx ∈W ′































































a­k~y[(^>~ywi ¥wcoK\ z> 	kY~9k6kcY^_ª~ywckcn~yqj^ wn¡y~9kn¡r^_~rwc^_oy 'oKilk~yBk$ilnpsrSn¡ z£~rEor[qpgTn¡ z£
















$  »&%N» ' ' »)( d7f  7H- lk)Hu(H   	  r ()$Z j {i_k\$"lk)v\$\_L sign (φai −xi)
$H<(H{	 j *
lk
! r _Zlk)\_k\$ sign (φai − xi) = sign (φai − ϕi(x, t))
$ *
t > 0 oq $J$ r _( lk!M$_ W  k+ $ _k\ j ^EI# \_yE19lky#9  #9_\	F	_ $ k*J$()19lka-
{x |xj = θj} r
lkG$ j {+ j {+$L4*J	 sign (φaj − Tjx) = sign (φaj − θj). _-G_J$* r $ * x !skk4$ ){
$Ulk!M$l W ′ ⊂ {x |xs = θs} r [k$ sign (φas − xs) = sign (φas − θs).
D ic^] or±  ~rk or ^ wikY[^$n¡ ªu[^  ^$oy +kcY^jn¨U^ w^ BkohoKwjnp~ykc^]i'or
sign (φa − x)
¬
$  »&%N» ' ' »)( f  >$\* $#yEG	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L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i (a) < xi r$	_ j lk  $+ sign (φai −xi)
# \^$\a_K_k\>!sk\J)X+H
c`(Da)
19_k\ 	I-%$_ o q  θi ∈ {θ−i (a), θ+i (a)}#i_k\$ (_TE lkyHHkX	 r lky#  EAv\$ sign (φai − θi) o
R1
  $H 9FwRm
  _k\i4$ (_yE 	_HLt_k\lk>k\$(	 r sign (φai − xi)
# 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^$\












· · · ◦ Ta
1
)


































i = j, m = s
oKw




































or^/icuY wc^]srnporS orKk~ynpi°kY[^/qpor[sr½¯k^ w\ [gBª~y\/np]i £¤or ^]~rYS¦'~rq¡qoy ~5(^ wn¡o[jnp_ic^]tBu[^]^_or 'joK\
~ynpi|n¡ ilk~ykc^
ic~r ^r¬C`'^ ¥oKwc^[wo¢hnp[s$kY[npi]£hqp^k'ui'[npiuii~ilqpnpsrYKkqpg_\/oKwc^sr^][^ w~yq( ~Kil^kcYª~y ¥^ ^][m~r«/q¡ojor±ilgjilkc^]\/i]¬Gb°u[w'Y[or(^
Y[^]wc^$npikY~9kkY[nijnic uiilnporsrnpr^$icor\/^6npKku[nknporor +kY[^$m~Kiln°  ~K8kikcY~yk¦n¡qpqic^ wr^$~9 µkc^]wc¦~yw[i ¬a­k~rqpico/icu[sKsr^]ilki




~r\/^ qpgr£(icu[[(oKic^srnpr^  ~
(^ wnpojjn$ic^]tBu[^]^oy Njor\
~ynpi






n¡ CkY[^ w^~yw^il^]r^ w~yq¤^]i ~r[np[sjnpwc^>8kcnporªi ¥oKwoK[^m(o>n¡TkcY[^ic^]tBu[^ ª^r£kcY[^]EiloK\_^$kcw~9xz^]kcorwnp^]i^]i ~y(^$kcY[^gj q¡^
~9k|kY[npi6m(o¢U¬XY^/il^ k6oy (ornpKki6wc^]\/~rn¡n¡[s5npEkcY^_(^ wnpojjnil^>tBu[^  ^
a1 . . . a`
npi|oyk6^]~KilnpqpgTj^ ³[^]Sn¡SsK^ [^]w~rq¯£






npTsr^ ^ w~yq@¬ D 8ku~yqpqpgr£ªorTicuY ~/¦'~rq¡q(oKn¡BkiY~¢r^
n− 1
ojorwjn¡ª~9kc^>i¦Y[nY ~rwc^$[ork°orilk~yKk3.NnpTor[^jnpwc^>8kcnpor



































wc^ ³[^kY[^|~ywckcn¡kn¡oKor ¤kcY[^|q~9kckc^]w]£j~yªnk^ w~9kn¡[skcYnpi'wcoj ^]ii £Bormjk~ynp5~~ywckcn¡kcnpoKor +~¦'~yqpq(npKko
w^ srnporªiCicuY_kY~9k~yqpq[ª~ywckcn~yqj^ wnp9~9kn¡r^>iCoy Un¡kc^]w~ykc^>i £roy (kY[^ ¥orw\ ∂Tki
∂xj
£r ¥orw
k ∈ {1 · · · `}
~yw^or (³[j^]
ilnpsr¤£B~ykY[^
ic^]oK orwj^ w|j^]wcnp9~ykcnpr^]i°~Ki°¦^ qpq@¬XY[ni°wcoj ^]ii¦oru[q qp^]~KTkco oricnj^ w6~±Y[npsrYEhu[\m(^ w6oy wc^]srnporinpEsK^ [^]w~rq¯£
^]~KY or ¦Y[nY \
~¢g ic~ykcniz ¥gEkcY^YBgh(oykY[^]ic^]ioy 6r¬XY[niil^]^ \
i6  ~rw$ ¥wor\kcwnphnp~rqGn¡ kY[^\/oKilksK^ [^]w~rqG ~Kil^K£+m[ujk
¦oKu[qp^ wck~rn¡[qpgm(^6 ¥wcu[n¡kl ¥uq¤npTiloK\_^6\/orw^|ª~ywckcnu[q~yw]~ric^]i]¬
^]^K£q¡^ kuiq¡ohoK«





ic^ ^ 5 ¥wor\   	 .
φa
i




















¬ D kcu~rq¡qpgoK[^~riic^ ^] ~rq¡w^]~Kjg±kcY~yk







	 !"#%$&'()*+ ,- Q
kcY^ ¥oj ~rq(ornpKk\uizk'mª^w^ [q~r ^]_mhgkcY~ykoy UkY[^ ¥orqpq¡o9¦np[s$m(o¢²¬CXY[npiNsK^ or\/^ kcwnp orjn¡kcnporicY[oKu[qp_kYBui'~>roKnp/ui











jnpwc^>8k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or + ¥oj ~yq¤ªoKnpKki.






XY[ni~rq¡npsr\_^]Kk~Kicicu[\/jkn¡oK5¦npq¡q~rq¡qpo9¦ui'ko/uic^|kY[^ oKwc^]\ 6n¡kcY^6w^ sKn¡oK5¦Y[^ w^|kcY[^$qpor[sr½¯k^ w\jgh~r\/np]i'k~y«r^
[q~r ^r¬ `[uwlkY[^ w\/orw^r£rn¡kN¦npqpqm(^°ilY[o9¦/kcY~ykGkY[^sr^ oK\_^ kcwn'wcoK(^ wckg!l]© 	G ~y~yqico$m(^ormjk~ynp[^]
~KiG~ oric^]tBu[^ ª^
oy C ¥u[wckcY^ w°~Kicicu[\/jkn¡oKioKkY[^npKkc^]w~K8kcnpoKTizkwcuª8kcu[w^oy CkcY^icgjizk^ \ .n¡ CkY[^qp~yklk^ w°oKilnilkin¡E~
icnp[srqp^$^ sK~ykcnpr^
 ¥^ ^>jm~r«5qpohoK¤£nk ¥orqpqpo¢¦ikY~9kkcY^ wc^^ jnpilki~
(^ wn¡oj[np$ic^]tBu[^]^oy m(o>j^>ii~9kcnil ¥gBnp[s l]© 	8£(~Ki¦'^¦n¡qpq+ic^ ^npkcY[^
[^ Bkic^]8kn¡oK¤¬
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	±:!*- /$  
²+,.









































nin¡[^ (^ [^ KkoK±kcY^69~rwcn~ym[qp^
xi
£[~rkYBui~yqpqU¦~yqpqpi\uizkm(^|kcw~yic~yw^ Bk]¬
 n¡kcY[oKujk'n¡Bkcwojju n¡su[[[^>^>ici~ywg ¥orw\/~rq¡nic\£Kqp^k'uiNoK[qpg/ic~¢gkY~9k'¦^° ~rqpq_ ^H$IL EH$\kh£
IG
ni~yorwn¡^]Kk^]²£










xnp ilk~9k^ilª~r^K¬±XY[^]¤£~[^]sK~ykcnpr^/qpohor ni~Tgj q¡^
np
IG
¦n¡kcY ~y oj[ hu[\m(^ woy [^]sK~9kn¡K^/^]jsK^]i]¬a­knpi^]~Kilnpq¡g


















∀i ∈ {1 · · ·n} κ0i + κ
1












`'^  ¥orw^^]Kkc^]wcnp[s npKko \/oKwc^Tj^k~ynpq@£'q¡^ kui
or(^ w~9k^~S ¥^]¦ icnp\_q¡n¡ ¥ghn¡[s oK(^ w~9kcnporªi ¬ `+npwizk>£¦'^TY[oKic^kco il^ k



















^j[q~ynp[^]3np ic^]kcnpor j¬py£orKko kcY[^jnic wc^ kc^ic^k




























b°mic^ wr^°kcY~yky~ywnp~rm[qp^]i'\/~¢g[o9¦em(^6^ sK~ykcnpr^r£[~yjo/wc^][w^]ic^ KkoK^]Kkcw~9kn¡oKi'orq¡g±u[5ko
~kw~rilq~9kn¡oK¤¬
XY[^E[^ ¦ jgh~r\/np]~yq°ilgjilkc^]\ m(^]Y~>r^>i











































kcY^6 ¥oj ~rq²(oKn¡Bki~yw^6^ Kkn¡w^ qpg5j^ kc^ w\/n¡^]mBg±kcY[^icnpsror +kcY^ npwohoKwjnp~9k^]i]¬CaoykcY^ w¦'orw[i £hkY[^ ohorwjnp~9k^]i'oy 









2ai − 1 ∈ {±1}
£j ¥orw^>~rY
i ∈ {1 · · ·n}
¬
o¢¦)nk$npi°kcnp\/^ko[^]ic wcnpm(^kcY^/jgh~y\/n i|oy l] 	8¬aSm[wnp^ z£²¦^_[o9¦  ¥oj ui°oKSicgjizk^ \
i°or GkcY[^_ ¥orw\ m(^]q¡o9¦$£
npKkco



















+(xi−1, 0)− γixi, i = 2 . . . n.
l+S 	




¬CXY[ni]~ym(^oKBr^ [np^ Bkcqpg$^j[q~ynp[^]¦n¡kcYkY[^~ynoy kcY[^,$^H$\ _EIH$\kh£roKwCilnp\/[q¡g%H$\ _




^ hnilk$n¡ ~y or[qpgEn 'kY[^ w^/^ jnpilkiiloK\/^
orBkcnpBu[oKui









a­kCni+^]~Kilnpqpg$j^]ju ^] ¥wcoK\ kY[^'[wor(^ wckcnp^]i+[wc^>il^]Kkc^>n¡_ic^]8kn¡oK_j¬ kY~9k
TG
ni+^]Kkn¡w^ qpg$[^kc^]wc\/np[^]mBg6kY[^'(oKicnkn¡oK
oy + ¥o[ ~yq²(oKn¡Bki]¬´ orw^|[w^] npic^ qpgr£
(a, b) ∈ E
n¡ ~y5oK[qpgn 
b = a = φ(a)
£[oKw
















w^ wc^]ic^ Bki'kcY[^$w^ sKu[qp~rwjgh~r\/np]ior[qpgr¬






1 · · · 11 −→ 01 · · · 1 −→ · · · −→ 0 · · · 011 −→ 0 · · · 01x
y







a1 a2 a3 . . . an an+1 . . . a2n−1 a2n





































i 1 · · · n n + 1 · · · 2n
s±i 1
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¬a­k° µoKqpq¡o9¦ikY~9k|[okcw~9xz^]8korwg ~rT^>ic ~r(^$kcY^ gh q¡^K£a o  o C ni°~ynpB9~rwcn~yBkw^ srnpor¬CXY[ni gh q¡^6niwc^][wc^>il^]Kk^]±oK5³sru[w^_6 ¥orw
n = 3
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i ∈ {1 · · ·n},
∏
j<si





i ∈ {n + 1 · · · 2n}.
@y 	
`wor\kcY^$w^ \





¬ D 8ku~yqpqpgr£UkcY[^]gTr^ wn ¥g
φi ∈ Dai+1









i~9kcnil³^]ikcY[^~rq¡npsr[\/^]KkoKjn¡kcnpor l]© 	ic^ ^]n¡T[w^ hn¡oKuiic^]8knpor¤¬
 ^ ~yilk~ykc^6n¡k¦nkYoru[wu[ww^ Kkoyk~ykcnpori.












fjn¡ ^oKu[w~rn¡\ npikco±ilkcujgqpnp\_n¡k|gj q¡^>i~rwcnilnp[s/ ¥wcoK\ z









a2n−1 · · ·Ta
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: W i−1 −→ W i
x 7−→
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j^ (^ ª[i6orEkY[^/hu[\m(^ w
i
oy kcY[^/w^ sKn¡oKEu[j^]w$ oricnj^ w~9kn¡oK¤¬o¢¦½
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) £[j^³[^>±mBg±oKKkn¡hu[nkzgoy kcY[^6^j[w^]iilnpor @y© 	8¬GXo


































































































αj(x) ∈ (0, 1]
¬N´Torw^ o9r^ w]£B ¥orw









j x ∈ Ij
 ¥oKq¡qpo¢¦i^>~ricn¡qpgr¬
 a­  j = si £¢w^ \










si x = 0 ∈ Ij
¬´Torw^ o9r^ w>£ ¥oKw+~yhg










































~rwcgK£BkY[w^ ^$icn¡\/[qpn¡³ª ~ykcnpori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a2n−1 · · · T̃a
2




































£K¦Y[nY/¦npq¡qwco9r^\/orw^ orBK^ [np^ KkGkcY~r/npj^ hnp[s
kcY^ \ mBg





i(σ) = {x ∈ W̃ i | ∀j ∈ Ji , sign (φ
i
j − xj) = σj}.
o9¦$£h ¥wcoK\ kY[^|kcw~yªilq~9kn¡oKor ~yqpq(kY[w^]icY[orq[ikcoW ^ wo£BkcY^6orwn¡sKn¡±or 
R
n−1 m(^ qporsKikco_^]r^ wg












 ^N¦npq¡qBic^ ^N[o9¦ kcY~ykkcY^]ic^Gª~ywckcnu[q~ywW oK[^]i]£>Y~¢Bnp[skY[^Norwnpsrnp6or$kcY[^]n¡w+m(oKu[[~rwcgK£>n¡$  ~rk~9kckcw~rk+~yqpqykw~9xz^>8kcoKwcnp^]i
oy kcY^icghilkc^]\£~y5kcY^ w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i ∈ {n + 1 · · · 2n}.
@y 	
  f#dgf  _] 9[y3'  ·  ( ¼ ' (  jj '¯ ( 
 · ' » ( 
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1 o `wcoK\ z] 	~y l
Q 	'n¡k ¥orqpq¡o9¦ikcY~yk sign (φ1) = (−1, 1 · · · 1) ∈ {±1}n ¬XY[^]¤£ s1 = 1 ~y s0 ' s2n = nnp\_q¡np^]i
J1 = {2 · · ·n− 1}
¬GXY^ ¤£
σ1 = (1 · · · 1) ∈ {±1}J1
£~y
Z































i ∈ {1 · · · 2n}























∀i ∈ {1 · · ·n}, ∀j < i + 1, sign (φn+ij − x
n+i






sign (φn+11 − x
n+1













sign (φn+22 − x
n+2













sign (φ2n−1n−1 − x
2n−1









sign (φ2nn − x
2n










sign (φn+i+1i − x
n+i+1
i ) = sign (φ
n+i+1
i ), i ∈ {1 · · ·n}.
¯Q 	
{or\mn¡[np[s_kY[ni¦nkY5kY[^$[w^ hn¡oKui'qpnizkoy ^>tBu~yqpnknp^]isrnpr^]i
sign (φ1i − x
2n+1
i ) = sign (φ
1
i ), i ∈ {1 · · ·n},
¦Y[nY^[~K8kcqpg\/^]~ri









x1 ∈ W̃ 1
£ªkcY^kcw~9xz^]kcorwg
{Tmx |m ∈ N}
npi°oKKk~ynp[^]np
Z1
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np^]ioy icghilkc^]\ l+S 	~rwc^^]r^ Bkcu~rq¡qpgToKKk~ynp[^] np kcY^w^ sKn¡oK
Zi
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i ∈ {1 · · · 2n} r T̃ai (Zi−1) ⊂ Zi o
 H
1 o %¤^ k x ∈ Zi £[¦Y[nYmBg5j^ ³[n¡kcnpornpi^]tBu[np9~rq¡^]Kkkco
∀j ∈ {1 · · ·n} \ {si−1}, sign (φ
i






























j x) = sign (φ
i−1




sign (φisi−1 − T̃
ai
si−1x) = sign (φ
i−1
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w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oy kcY[ni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¦npq¡q¤^>icic^ Bkcn~yqpq¡g± oricnizknpT~y[[qpghnp[s_kcY[^]orw^ \ 6kco/ ¥^ ^][m~r«±q¡ohoKicgjizk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ior +kcY[^






 N·    (f h 
p, q, r ∈ R̊n+ o
h G$
T : [0, p] → [0, q]
$	
M : [0, q] → [0, r] j t!"@	 >H L$ j J-%$I_TEi$#_ *_yE (	_L
(M)
ilk H-+* o  RIlk$ $\* 1 lk) (	 H	I	I_{+$L_{1 T $(	
M
$1X+__{+ r $(	U_k\$ $<J $+(Gilk- #i(^EF$L_{ r  j _k -%$F(_TE ok r lk_ ->+_, MT : [0, p]→ [0, r] $#lx< (M) $	 (C) o
 H
1 o XY[^$wc^>iluqkniormjk~ynp[^]± ¥wor\kY[^Y~ynpwcuq¡^K¬)%¤^ k x ∈ [0, p] ¬GXY^  Tx ∈ [0, q] ~r







































D (MT ) (y) = DM (Ty)DT (y)  DM (Ty)DT (x)  DM (Tx)DT (x) = D (MT ) (x).
 ^~yw^|[o9¦en¡srojoj(oBiln¡kcnpor5kcoizk~9k^6oru[w\
~ynpw^]icu[q¡k]¬
b)c ·h»  · edgf  	I)lk-$ 
T : Z1 → Z1
	ILxB	U_Zlk(H{
y   o
pZq  n = 2 r lk ∀x ∈ Z1, Tmx→ 0 !sk m→∞ o
pZq  n > 2 r lk _k\HtuF# LK$@\v\K(ywRHxsuy 	U_  q = Tq o zZH{+ r q ∈ Z̊1 $(	 {*
x ∈ Z1 \ {0} r Tmx→ q $+ m→∞ o
 H
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npiNnpBr^]wlkn¡m[qp^r£h~r/^>tKuª~yqiGnkiNnpBr^]wic^r¬ ^ ª^¦^°~rqpico[^ [oyk^
ρi
kcYnpin¡hr^ wil^ .






















































T = M(1)M(2n)M(2n−1) · · ·M(2)
¯©] 	
`orw~yhg
x1 ∈ P1 = [0, p]
¦^$¦wcn¡kc^






 ~rm(^6^ hwc^>icic^]5ojorwjn¡ª~9kc^ ½@¦nil^ .
M
(i)

































¬ ^ ^K£[or[^$~rqpico_Y~Ki .
M
(i)















































































j = k, m = siorw

























i £[icokcY~yk^]tBu~ykcnpori~ym(o9r^|~rwc^6izkwcoK[srqpg/w^ \/np[npi^]Kkoy  l] 	'~y lr3	8¬
%¤^ kui'^]9~rq¡u~ykc^kY[^6icnpsr±or ¤kY[^]ic^6tBu~yBkcn¡kcnp^]i]¬"`[wor\
x ∈ Pi−1
~y  ©B 	nk ¥orqpqpo¢¦ikcY~yk
|φij | − xj > 0
¬a­kniqp^]~rw
~yqico/kcY~yk
|φisi | + xsi > 0
¬a­k ¥oKq¡qpo9¦ikY~9k>£ª ¥orw°~rq¡q+\/~ri
M(i)






D [q¡np^]5ko ¯©] 	8£jkY[^Y~rn¡wcu[qp^6srnpr^]i
DT(x1) = DM(1)(x2n)DM(2n)(x2n−1) · · ·DM(2)(x1).
 ©K 	
´ToKwc^]o¢r^]w]£Bn¡kic^ ^ \





 orKk~ynpi'kcY[^$oK[qpg[oKW ^ wo_^ qp^ \/^ Bki]¬
fhoK\_^]~yw^\uilkCm(^'k~r«r^ kcY[oKu[srY¤£rju[^'ko°kcY[^~rwlknp u[qp~rwn¡[^jn¡s|oy ª\











) ¬ o¢¦'^ r^ w>£hkcY[^$wo¢¦eicu[miwn¡[kior 
DM(i)
m(^]q¡oK[s_kco
{1 · · ·n} \ {si}
£(¦Y[npq¡^kcY^oKq¡u[\/i°~yw^$npj^ h^>mhg















Q 	'icY[o9¦ikY~9k^ n¡kY[^ w











%¤^ kui$w^ [w^]ic^ Bk|kY[^icu[miwn¡[ki6or '[oKW ^]wco^ Kkwcnp^]i$np mªorkcY  ~Kil^>i ¬U`n¡wilk]£+n 



























(si−1 − 1, si−1 − 1) (si−1 − 1, si)
(si−1, si)





































  (n − 1, n − 1)













{2 · · ·n}
£Bn¡kniN[orkY~yw_koj^]juª^ ¥wor\ ¯©IQ 	kcY~yk
m(oykY[wojjuki.
Π2 = DM(2n)(x2n−1) · · ·DM(n+2)(xn+1)
~yª
Π1 = M(n)(xn−1) · · ·DM(2)(x1)
Y~¢r^6[oW ^]wco/^ Kkwcnp^]i]£[~r~yw^°kYBui(oBiln¡kcnpr^r¬GXY[^ ¤£j ¥wor\ l]B 	'or^$j^]ju ^]ikcY~yk




∀x1 ∈ P1, DT(x1) > 0.
D i ¥orwoK ~¢hnkzgK£hn¡k ¥orqpq¡o9¦i' ¥wcoK\kY[^$[^ sB~9kn¡r^|kc^ w\






















∀x1, y1 ∈ P1, 0 < x1 < y1, DT(y1)  DT(x1).
_· c   7' » +±j/ c ·  %%N· ± »  (+· 5 ( ¼  c · »  '  ' ( f
`'^ ¥oKwc^$ilkcujghnp[s/kcY[^orwn¡sKn¡£hqp^kuiicY[o¢¦kY~9k
Tp < p
£~Kiw^]tBu[npwc^>±mhgkcY^ orw^ \r¬ ^ w^r£






£< o  o Z1 = [0, p] ¬o9¦$£+qp^kuioricnj^ w$kcY[^q~rilk\
~yior\/(oBilnp[s T £~Ki6np kcY[^[wohor 'oy [wor(oBiln¡kcnpor ]¬°~y\/^ qpgK£jor^$j^]juª^]i ¥wcoK\ @IV 	kcY~yk.
∀x ∈ W̃n+i−1, T̃a
n+i








i ∈ {2 · · ·n + 1}
£









o9¦$£N ¥wcoK\ ^]tBu~ykcnpor ¯IQ 	_n¡ kY[^T[wcojoy or °[wor(oBiln¡kcnpor ]£'or[^«Bo¢¦ikY~9k




















































































(i− 1, i− 1) UD{ WXSW5^J|KFJ9Ph:J9n:W#[pm}ZKSR?WcP>W`8M5[?eoN-J9[WgJ9[~r&s5x:u8^<fiP<KQT:PK
RWgX
WP>KML`8M5N-fYZ[ i− 1 U V RWgN;TK>K
W#XJ9Ph5J-n:W[mC}













































































ρ(A) > 1 U V RJ;P%J;P_TpeEJ9XSW` Kc`8M:[?PSWzCfW[?`8W,MLDWXSX
M:[ j XSM5miW[J9f?PK
















YZJ-[f?PFM:[?W U  ]]N9}CJ9[h3WXSX
M:[E j XSM:mW[J9f?PK
RW#M5XSWYKSMZKSRWH]MCP>J-KSJ9n:WcYZTKSX

































si−1 UD{ W[?`8WcJ-[IKSR?WgW#qE]XSWPSPSJ9M:[?PmW#N9MOH^ DM(i)jk XSW#L2W#XPK
MlKSRWcW[5KSX


























J-M5[ U¡ W8?[?WKSRWJ9[5KSWh:WXn5W` K
M:X




























































n > i > 1
£kcY~r[«jiko ¯©IQ 	


























































































1 < i 6 n− 1
£~y





n + 1− i 6 j 6 n
£[~yª























































i 6= sj − 1
£
~yªilnp\/n¡q~ywqpgr£r ¥oKw
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 ¥orw$~rBg
i ∈ {1 · · ·n}
¬a­k6 ¥orqpqpo¢¦i|n¡\/\/^][np~ykc^ qpgTkcY~yk
sign (κn+i) = −sign (κi)
























































































































i,i · · ·DM
(2)
1,i ,
~yª5 ¥wor\ l]ª	~y l]h 	oK[^Y[^]«jiw^]~Kjnpq¡gkY~9kkcY[^~ym(o9r^6ni(oKicnkn¡r^ .GkcY[^^ Kkwcg
(1, 1)
















k = (2 · · · 2)
¬ D 8ku~yqpqpgr£
(2, 2)
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